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ABSTRACT
We study the color confinement, the q-q¯ pair creation and the dynamical chiral-
symmetry breaking of nonperturbative QCD by using the dual Ginzburg-Landau
theory, where QCD-monopole condensation plays an essential role on the nonper-
turbative dynamics in the infrared region. As a result of the dual Meissner effect,
the linear static quark potential, which characterizes the quark confinement, is
obtained in the long distance within the quenched approximation. We obtain a
simple expression for the string tension similar to the energy per unit length of
a vortex in the superconductivity physics. The dynamical effect of light quarks
on the quark confining potential is investigated in terms of the infrared screening
effect due to the q-q¯ pair creation or the cut of the hadronic string. The screening
length of the potential is estimated by using the Schwinger formula for the q-q¯ pair
creation. We introduce the corresponding infrared cutoff to the strong long-range
correlation factor in the gluon propagator as a dynamical effect of light quarks,
and obtain a compact formula of the quark potential including the screening effect
in the infrared region. We investigate the dynamical chiral-symmetry breaking by
using the Schwinger-Dyson equation, where the gluon propagator includes the non-
perturbative effect related to the color confinement. We find a large enhancement
of the chiral-symmetry breaking when the dual Meissner effect takes place, which
supports the close relation between the color confinement and the chiral-symmetry
breaking. The dynamical quark mass, the pion decay constant and the quark con-
densate are well reproduced by using the consistent values of the gauge coupling
constant and the QCD scale parameter with the perturbative QCD and the quark
confining potential. The confinement of light quarks is also investigated by the
smooth extrapolation of the quark mass function to the time-like momentum re-
gion. We find the disappearance of physical poles in the light-quark propagator,
and show the confinement of light quarks in the dual Ginzburg-Landau theory.
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1. Introduction
The quantum chromodynamics (QCD) has been accepted as the fundamental
theory of strong interactions. Due to the phenomena of the asymptotic freedom
in QCD, the ordinary perturbative technique is valid and useful for the analysis
of the high-energy hadron reactions with much success [1]. On the contrary, QCD
becomes the strong-coupling gauge theory, and exhibits rich phenomena in relation
with the nonperturbative nature in the low-energy region. In particular, the color
confinement and the dynamical chiral-symmetry breaking are unique features in
the nonperturbative region of QCD, and have been studied with much interest by
using various strategies, e.g. the effective-model approach or the lattice QCD.
In the perturbative QCD, the QCD scale parameter ΛQCD is one of the most
important quantities, and provides a typical scale of the strong interaction. Using
the one-loop level perturbation, one obtains the running coupling constant in QCD
at a large momentum scale p2,
αs(p
2) ≡ e
2(p2)
4π
=
12π
(11Nc − 2Nf ) ln(p2/Λ2QCD)
, (1.1)
where Nc and Nf are the numbers of the color and flavor, respectively [1]. In
the infrared region, this running coupling constant becomes large and formally di-
verges at p2 = Λ2QCD, so that the simple perturbation theory is no more meaningful
and some nonperturbative effect should appear instead. Some experimental data
suggests αs(m
2
Z) ≃ 0.108± 0.005 from the analysis of the recent LEP data [2], or
αs((35GeV)
2) = 0.10 ∼ 0.17 from the high-energy lepton-hadron reaction [1]. The
QCD scale parameter ΛQCD is obtained from these experimental data, and its re-
cent value is given as ΛQCD(MS) = 220±15±50MeV in the MS scheme [1] from the
experimental data of the BCDMS collaboration [3]. Hence, one roughly estimates
from Eq.(1.1), αs((0.5GeV)
2) ∼ 1, which means the breakdown of the validity of
the perturbation theory. Thus, we expect the appearance of the nonperturbative
effect in the infrared region, p <∼ 1GeV, due to the strong coupling.
Now, we shall give an overview of the dynamical chiral-symmetry breaking and
the color confinement as the outstanding nonperturbative features in the infrared
region of QCD. Although QCD Lagrangian has the chiral symmetry in the mass-
less quark limit, it is spontaneously broken in the nonperturbative QCD vacuum
[4]. In the phenomenological point of view, the dynamical chiral-symmetry break-
ing leads the absence of the parity doubling for hadrons and the success of the
low-energy theorem or the current algebra [5]. The dynamical chiral-symmetry
breaking is characterized by the quark condensate, 〈q¯q〉 ≃ −(225± 25MeV)3 [6,7].
Quark condensation is caused by the attractive interaction between quarks, and
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this phenomenon is analogous with Cooper-pair condensation in the superconduc-
tivity. Such a physical process has been demonstrated by using the effective models
of QCD, for instance, the Nambu-Jona-Lasinio model [8] or the instanton liquid
model [7]. The SU(6) theory [1] or the effective-model approaches [7] suggest that
light quarks get a large effective mass, M ≃ 350MeV, and behave as massive
constituent quarks in the infrared energy region, as the result of the dynamical
chiral-symmetry breaking. The pion is identified as the Nambu-Goldstone boson
related to the dynamical chiral-symmetry breaking, and obeys the low-energy the-
orem or the current algebra [5], where the pion decay constant, fπ ≃ 93MeV, is
also a relevant quantity characterizing the breaking of chiral symmetry [4]. Thus,
the dynamical chiral-symmetry breaking is characterized by several quantities, the
chiral condensate 〈q¯q〉 ≃ −(225±25MeV)3, the effective quark massM ≃ 350MeV,
and the pion decay constant fπ ≃ 93MeV.
The color confinement is signaled as the absence of the asymptotic states of
the colored particles. In the phenomenological point of view, hadrons except the
pion are considered to be string-like because of the Regge trajectories of hadrons
[9] or the duality of the hadron reaction. The string picture of hadrons suggests a
linear potential between quarks, due to which quarks are confined. In particular,
the universality of the Regge slopes of hadrons means the universal value of the
string tension [9], k ≃ 1GeV/fm, which characterizes the strength of the confine-
ment. Then, the question on the confinement is how and why the color-electric
flux between quarks is squeezed like a string or a tube. The natural explanation is
the exclusion of the color-electric field in the nonperturbative QCD vacuum, where
the color dielectric constant vanishes.
In terms of the vanishing of the color dielectric constant, Y. Nambu, ’t Hooft
and Mandelstam paid attention to an analogy between the color confinement and
the Meissner effect, the vanishing of the magnetic permeability and the exclusion of
the magnetic flux in the superconductor, and regarded the color confinement as the
dual version of the superconductivity [10-12]. Their idea is based on the duality, a
kind of the symmetric property between the electric part and the magnetic part in
the gauge theories like QED or QCD. In this picture, the dual Meissner effect, the
exclusion of the (color-)electric field, is brought by (color-)monopole condensation
instead of Cooper-pair condensation in the superconductivity.
The appearance of magnetic monopoles in QCD was investigated by ’t Hooft
based on the abelian gauge fixing [13], which was assumed to be the relevant
gauge fixing to understand the color confinement. The abelian gauge fixing is de-
fined by the diagonalization of an arbitrary gauge-dependent physical variable, and
nonabelian gauge theories are generally reduced into abelian gauge theories with
magnetic monopoles in this gauge. When such QCD-monopoles are condensed due
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to some attractive force between them, the dual Meissner effect takes place, that
is, the color-electric field is excluded in the QCD vacuum. In this case, the color-
electric flux between static quarks are squeezed into an one-dimensional string or
a tube like a vortex in the superconductivity. Such a string picture of hadrons
leads to a linear potential between static quarks, characterizing the quark confine-
ment, and is consistent with the Regge trajectories of hadrons and the lattice QCD
data of the quenched approximation. Thus, QCD-monopole condensation seems
to give a physical explanation of the color confinement and related phenomena in
the nonperturbative region of QCD.
The Kanazawa group recently formulated the dual Ginzburg-Landau theory
as a phenomenological theory for the nonperturbative QCD by introducing the
QCD-monopole field and its interaction [14,15] based on ’t Hooft’s conjecture of
QCD-monopole condensation. Within the quenched approximation, they derived
the linear quark potential in the long distance, and demonstrated the realization
of the dual Meissner effect, e.g., formation of the hadron flux tube between static
quarks [16].
In recent years, several authors have pointed out the abelian dominance, i.e. the
importance of the abelian degrees of freedom for the nonperturbative quantities
in the nonabelian gauge theory based on the lattice gauge simulation [17, 18].
In their studies, the abelian configurations seem to play a dominant role in the
nonperturbative quantities like the Wilson loop or the Polyakov loop [17,18], and
such an evidence of the abelian dominance seems to lead the relevance of the
abelian gauge to the color confinement.
The important role of the QCD-monopole to the confinement have been also
studied by using the lattice gauge simulations [18]. In the compact QED, there is
the confining phase in the strong-coupling region [19] as well as QCD, and monopole
condensation is known to play an essential role to the confinement from the studies
of the lattice gauge theory [20, 21]. In the nonabelian gauge theories, several
authors have pointed out the importance of the QCD-monopole to the confinement.
Kronfeld et al. [22] compared the SU(2) gauge theory and the compact QED by
using the lattice gauge simulation, and showed that monopole condensation seems
to take place also in the SU(2) gauge theory. In Ref.[18], an enhancement of the
time component of the monopole current in the deconfinement phase was reported
as an evidence of QCD-monopole condensation, which suggests the interesting
correspondence between the spatial correlation of the monopoles and the color
confinement. Very recently, the Kanazawa group showed that the entropy of an
extended monopole loop dominates over its energy and monopole condensation
occurs on the renormalized lattice in the infrared region, β < βc, by using the
SU(2) lattice gauge simulation [23]. They also showed that the string tension of
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the SU(2) gauge theory are well reproduced by extended monopole contributions
alone [23]. Thus, several evidences on the abelian dominance and the relevant role
of the QCD-monopole to the confinement have been found in the lattice gauge
simulation. Of course, much more progress should be made to understand the
relation between QCD-monopole condensation and the color confinement.
The dynamical effect of light quarks is also important for the color confinement,
because the linear quark potential is screened due to the q-q¯ pair creation in the
long distance, which means the cut of hadronic strings. The static quark potential
seems to be saturated in the infrared region, where the system is described as two
mesons including light and heavy fermions. Such a tendency has been observed in
the lattice QCD simulation with dynamical quarks [24]. The screening effect on the
long-range correlations between quarks corresponds to the reduction of the strong
correlation in the infrared momentum region in the gluon propagator. Hence, the
gluon propagator should be modified by the q-q¯ pair creation effect.
The dynamical chiral-symmetry breaking is also one of the most important
properties of the light-quark dynamics, and has been studied by using the Schwinger-
Dyson equation [25-28]. However, most authors used a free gluon propagator in
the Schwinger-Dyson equation, and neglected the nonperturbative effect related to
the color confinement. In the dual Ginzburg-Landau theory, one can incorporate
the nonperturbative effect related to the color confinement in the infrared region to
the Schwinger-Dyson equation by using the gluon propagator including the effects
of QCD-monopole condensation.
In the dual Ginzburg-Landau theory, the energy region is naturally divided
into two kinds of regions corresponding to the perturbative QCD and the nonper-
turbative QCD. In the ultraviolet region, the perturbative features are expected
and the system is described by the use of the running coupling constant at the one
or two loop level in the perturbative scheme. On the other hand, the system should
be nonperturbative in the infrared region and such a nonperturbative effect is in-
cluded in the dual Ginzburg-Landau theory as the appearance of QCD-monopole
condensation or the dual Meissner effect. Hence, one can study the nonpertur-
bative effect related to the color confinement on the dynamical chiral-symmetry
breaking in the dual Ginzburg-Landau theory.
The light-quark confinement can be also investigated by using the Schwinger-
Dyson equation, although this issue is rather difficult because the discussion of the
static quark potential cannot be applied to the light quarks unlike the heavy quarks.
Instead, the light-quark confinement is characterized by the disappearance of the
physical poles in the quark propagator. By using the Schwinger-Dyson equation,
one gets the dynamical quark mass M(p2) depending on the momentum in the
space-like region. One can examine the disappearance of the physical poles in the
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propagator by the analytic continuation of M(p2) from the space-like region to the
time-like region.
In this paper, we study the nonperturbative features of QCD, the color confine-
ment, the q-q¯ pair creation and the dynamical chiral-symmetry breaking by using
the dual Ginzburg-Landau theory as a phenomenological theory based on QCD,
which includes the mechanism of QCD-monopole condensation and the dual Meiss-
ner effect. We study their mutual relations and construct the unified picture of
these important features of the nonperturbative QCD in the infrared region and the
perturbative QCD in the ultraviolet region in terms of the dual Ginzburg-Landau
theory.
In chapter 2, we review the relation between the abelian gauge fixing and the
appearance of the QCD-monopole in line with ’t Hooft’s study [13]. By the abelian
gauge fixing, the nonabelian gauge group is reduced to the abelian one, and abelian
monopoles appear as singularities of the residual abelian gauge field.
In chapter 3, we construct the dual Ginzburg-landau theory in line with the
Kanazawa group [14,15] by introducing the possible self-interaction between abelian
monopoles similar to the Ginzburg-Landau theory in the superconductivity.
In chapter 4, we derive the static quark potential by investigating the correla-
tion between the quark currents within the quenched approximation [14,15]. The
quark potential has the linear part and the Yukawa part, and is compared with
a phenomenological potential. We obtain a simple expression for the string ten-
sion, which is analogous to that of the energy per unit length of the vortex in the
superconductivity.
In chapter 5, we study the dynamical effects of the light quarks on the quark
confining potential. The linear potential is screened in the long-range region due to
the q-q¯ pair creation [24]. The screening length of the linear potential is estimated
by using the Schwinger formula of the q-q¯ pair creation in the hadron flux tube
[29, 30]. By introducing the infrared cutoff in the gluon propagator, the screening
effect for the quark potential is reproduced in the long-range region. We obtain
a compact formula for the screened quark potential in the dual Ginzburg-Landau
theory.
In chapter 6, we investigate the dynamical chiral-symmetry breaking by the
use of the Schwinger-Dyson equation, where the gluon propagator includes both
the nonperturbative effect in relation with the confinement and the infrared cutoff
due to the q-q¯ pair creation effect. Since the double pole of the gluon propagator
vanishes due to the infrared cutoff, we can calculate the Schwinger-Dyson equation
without any difficulties of the infrared divergence. By solving the Schwinger-Dyson
equation within the rainbow approximation, we find a large enhancement of the
dynamical chiral-symmetry breaking due to QCD-monopole condensation. The
physical quantities related to the chiral-symmetry breaking are reproduced by the
use of the consistent values for the gauge coupling constant and the QCD scale
parameter with the color confinement and the perturbative QCD. By extrapolat-
ing the quark mass function M(p2), which is obtained by the Schwinger-Dyson
equation, to the time-like region, we also examine the existence of the pole in
the light-quark propagator. We find the disappearance of poles in the light-quark
propagator, which means the confinement of the light quark.
Section 7 is devoted to the summary and discussions.
2. Abelian Gauge Fixing and QCD-Monopoles
In this chapter, we review the abelian gauge fixing in the nonabelian gauge
theories and the appearance of the degree of freedom of the QCD-monopole in line
with ’t Hooft’s work [13].
The color confinement is characterized by the vanishing of the color dielectric
constant and the exclusion of the color-electric field in the nonperturbative QCD
vacuum. Such features can be explained by the dual Meissner effect caused by
magnetic monopole condensation [11, 12], which is the dual version of Cooper-pair
condensation in the superconductivity. In this respect, the abelian gauge fixing [13]
is one of the most interesting gauge for the study of color confinement, because the
degrees of freedom of the magnetic monopole naturally appears in this gauge.
The abelian gauge fixing is defined by the diagonalization of an arbitrary gauge-
dependent variable, X(x) = T aXa(x), where T a(a = 1, 2, .., N2c − 1) denotes the
generator of the nonabelian gauge group, SU(Nc). In this gauge, X(x) is diagonal-
ized by the gauge transformation, in the fundamental representation of SU(Nc),
X(x)→ X ′(x) = Ω(x)X(x)Ω−1(x) = diag(λ1(x), λ2(x), .., λNc(x)) ≡ Xd(x),
(2.1)
where Ω(x) = exp(iT aχa(x)) ∈ SU(Nc) is a gauge function, Minkowski space.
In the abelian gauge, there remains the abelian gauge symmetry of [U(1)]Nc−1,
the maximal torus subgroup of SU(Nc), because Xd(x) is invariant under the gauge
transformation defined by a gauge function, ω(x) ∈ [U(1)]Nc−1 ⊂ SU(Nc), or
ω(x) = diag(eiψ1(x), eiψ2(x), .., eiψNc(x)) with a constraint
∑Nc
a=1 ψa = 0, that is, one
finds ω(x)Xd(x)ω
−1(x) = Xd(x). The off-diagonal elements of the gauge degrees
of freedom are frozen, but the diagonal elements of the gluon field remain as the
gauge degrees of freedom in the abelian gauge. In other words, nonabelian gauge
theories are reduced to the abelian gauge theories by imposing the abelian gauge
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fixing condition, and the off-diagonal gluons are regarded as charged matter fields
in terms of the residual abelian gauge symmetry.
Next we show the appearance of QCD-monopoles [13], magnetic monopoles
in terms of the residual abelian gauge field, in the abelian gauge. At degeneracy
points of the eigenvalues ofX(x), the abelian gauge fixing is not unique even for the
off-diagonal part, and they behave as singular points of the residual abelian gauge
field. Then, these degeneracy points become monopoles with respect to the abelian
gauge field. Let us examine the above argument by taking the Nc = 2 case for
simplicity, although the generalization to an arbitrary Nc case is straightforward.
We investigate the topological nature near the degeneracy points of the eigen-
values ofX(x) = τ
a
2 X
a(x). Since two eigenvalues ofX(x) are given by ±12(X21 (x)+
X22 (x) + X
2
3 (x))
1/2, one finds X1(x) = X2(x) = X3(x) = 0 at the degeneracy
points. Since these three conditions are independent generally, the degeneracy
points form the point-like manifolds in the three-dimensional space R3 at each
time t.
⋆
Let us consider the neighborhood of a degeneracy point x0 ∈ R3, which
satisfies X(x0) = 0. By using the Taylor expansion near x0, one obtains
X(x) =
τa
2
Cai(x− x0)i, Cai ≡ ∂iXa(x0), (2.2)
where O((x − x0)2) is neglected. One finds detC 6= 0 when the manifold of the
degeneracy points is point-like in R3, which corresponds to the general case.
In order to examine the topology of the gauge field near x0, it is useful to
introduce the new space-coordinate variable w such that wa ≡ Cai(x−x0)i instead
of x. From the fact of detC 6= 0 in the general case, such a transformation of
the coordinate variable is simply reduced to the linear transformation near the
degeneracy point, so that the topological nature is not changed. In terms of the
new coordinate wa, one finds the hedgehog configuration,
X(wa) =
τa
2
wa (2.3)
near the degeneracy point, wa = 0, and the eigenvalues ofX is found to be ±12(w21+
w22 + w
2
3)
1/2. This hedgehog configuration (2.3) is one of the simplest nontrivial
solution corresponding to the homotopy group π2(SU(2)/U(1)) = π1(U(1)) = Z∞,
and such a configuration widely appears in the particle physics, for instance, the
’t Hooft-Polyakov monopole [31], the instanton in the nonabelian gauge theory
[32], and the chiral soliton in the Skyrme-Witten model [33]. It should be noted
that such a topological configuration is originated from the nonabelian nature.
⋆ We will consider the system at each t, and omit the time variable t hereafter in this chapter.
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By the use of the parametrization such as
w = (w1, w2, w3) = (r cosφ sin θ, r sin φ sin θ, r cos θ), X can be expressed as
X =
1
2
(
w3 w1 − iw2
w1 + iw2 −w3
)
=
r
2
(
cos θ e−iφ sin θ
eiφ sin θ − cos θ
)
. (2.4)
Hence, the gauge function Ω∈ SU(2) which diagonalizes X is found to be
Ω(w) =
(
eiφ cos θ2 sin
θ
2
− sin θ2 e−iφ cos θ2
)
, (2.5)
which leads ΩXΩ−1 = Xd. By the gauge transformation Ω, the gauge field is
transformed as
Aµ → A′µ = Ω(Aµ −
i
e
∂µ)Ω
−1, (2.6)
where ∂µ ≡ ∂∂xµ . Since the original gauge field Aµ is regular, ΩAµΩ−1 is also
regular. On the other hand, Asµ ≡ − ieΩ∂µΩ−1 becomes singular, as is shown in
the following. Consider the line-integral of Asµ along a contour C,
Φ ≡ −
∫
C
Asµdx
µ =
∫
C
Asidxi = −
i
e
∫
C
Ω∂iΩ
−1dxi
= − i
e
∫
C
Ω
∂
∂wa
Ω−1dwa =
∫
C
Asa(w)dwa,
(2.7)
where Aa ≡ − ieΩ(w) ∂∂waΩ−1(w). When C is a closed loop, Φ is identified as the
magnetic flux which penetrates the area inside the closed contour C by way of the
Stokes theorem.
Let C be taken as a closed circle such that r and θ are constant, while
φ ∈ [0, 2π), for simplicity. Then, one gets
Φ(θ) = − i
e
2π∫
0
dφΩ
∂
∂φ
Ω−1
= −1
e
2π∫
0
dφ
(
cos2 θ2 −eiφ sin θ2 cos θ2
−e−iφ sin θ2 cos θ2 − cos2 θ2
)
= −2π
e
(
cos2 θ2 0
0 − cos2 θ2
)
= −2π
e
cos2
θ
2
· τ3 = −2π
e
(1 + cos θ)
τ3
2
.
(2.8)
Since the final formula of Φ is diagonal, Φ is identified as the magnetic flux of the
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abelian gauge field.
It is notable that Φ is finite even at θ=0, where contour C shrinks into a point.
This means that the corresponding magnetic field diverges at θ=0 like a δ-function,
and the gauge field is singular at θ=0. Then, the magnetic flux is decomposed into
two parts,
Φ(θ) = −2π
e
(1 + cos θ)
τ3
2
=
4π
e
{1− cos θ
2
− 1}τ3
2
, (2.9)
where the first and the second terms in the curly bracket are nothing but the
expressions of the magnetic flux of the magnetic monopole with the magnetic
charge g = 4πe and the corresponding Dirac string, respectively. The relation
eg = 4π corresponds to the Dirac condition for magnetic monopoles [32]. Hence,
the abelian gauge field near the degeneracy point of eigenvalues of X is equivalent
to the magnetic monopole system in the w-coordinate space.
Since the topological natures are not changed by the transformation between x
and w, the degeneracy points also become the magnetic monopoles in the abelian
gauge field in terms of the x-coordinate space. Thus, the QCD-monopoles appear at
the degeneracy point of the eigenvalues of X in the abelian gauge. In this scheme,
the degeneracy condition detX = 0 is independent of the representation of the
nonabelian group. Hence, the number and the location of the abelian magnetic
monopole do not depend on the representation for each X , although this gauge
fixing depends on the selection of the gauge dependent variable X .
Thus, nonabelian gauge theories are reduced to abelian gauge theories with
QCD-monopoles in the abelian gauge, and the degrees of freedom of QCD-monopoles
naturally appear in QCD in this gauge. If the QCD-monopole is condensed like
the Cooper pair in the superconductivity theory, one expects the dual Meissner
effect [11-13], the vanishing of the color dielectric constant and the exclusion of the
color-electric flux, which characterizes the color confinement.
In recent years, several authors found evidences of the abelian dominance,
that is the relevant roles of the abelian degrees of freedom to the nonperturbative
quantities in the nonabelian gauge theory by using the lattice gauge simulation
[17,18]. They pointed out that the abelian gauge configurations seems to play
a dominant role to the nonperturbative quantities like the Wilson loop or the
Polyakov loop in the lattice simulations of the nonabelian gauge theory [17,18].
The abelian dominance gives a consistent picture with ’t Hooft’s conjecture, the
relevance of the abelian gauge fixing to the confinement.
The role of the QCD-monopole to the confinement has been also examined by
the use of the lattice gauge simulations. The compact QED [19] has a confining
phase in the strong-coupling region as well as QCD, and the confinement is known
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to be realized due to monopole condensation [20, 21]. The importance of the
QCD-monopole to the confinement has been also reported in the nonabelian gauge
theories. Some evidences of QCD-monopole condensation was reported by Kronfeld
et al. [22] by comparing the SU(2) gauge theory and the compact QED in the lattice
gauge theories. Another group has reported a drastic change of the space-time
asymmetry of the monopole currents at the deconfinement phase transition, which
may provide an interesting correspondence between the spatial correlation of the
monopoles and the color confinement [18]. Although there is no difference between
the time component and the space one of the current in the confining phase, there
is a clear enhancement of the time component of the monopole current in the
deconfinement phase [18]. This change suggests that the QCD-monopoles become
more static in the deconfinement phase, which can be regarded as a reduction
of the spatial correlation of the monopoles. Very recently, the Kanazawa group
investigated the energy and the entropy of a monopole loop by using the SU(2)
lattice gauge simulation [23]. They found that the entropy of an extended monopole
loop dominates over its energy and monopole condensation takes place on the
renormalized lattice in the infrared region, β < βc [23]. They also showed that the
string tension of the SU(2) gauge theory are well reproduced by such a extended
monopole contributions alone [23]. Thus, recent lattice gauge simulations have
given the phenomenological evidences of the abelian dominance and the important
role of the QCD-monopole to the color confinement. Hence, ’t Hooft’s conjecture
of QCD-monopole condensation has been accepted as a realistic interpretation of
the color confinement in the infrared region.
Finally, we reconsider the role of the nonabelian nature to the appearance of
QCD-monopoles in this scheme. It is notable that the off-diagonal part of the
gauge field contributes to the QCD-monopole or the hedgehog configuration (2.3)
as well as the diagonal part, and the corresponding gauge configuration A′µ(x)
in Eq.(2.6) has both the diagonal and the off-diagonal parts, although the color-
magnetic flux Φ in Eq.(2.8) is diagonal. In this respect, these monopoles are
regarded as the collective modes including the effect of the off-diagonal gauge
field. In the topological point of view, the nonabelian nature of the nonabelian
gauge theory plays an essential role on the appearance of the hedgehog configura-
tion (2.3) in the full gauge space corresponding to the nontrivial homotopy group
π2(SU(Nc)/[U(1)]
Nc−1) = π1([U(1)]Nc−1) = ZNc−1∞ [32], and this configuration be-
haves as the singularity or the Dirac monopole in terms of the residual abelian
gauge field in the abelian gauge.
It is interesting to compare the superconductivity with the nonabelian gauge
system in the abelian gauge. In an ordinary sense, the pure-gauge system seems
quite different from the complicated matter system in the superconductor including
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the electron and the metallic lattice. However, even the pure-gauge system of the
nonabelian gauge theory may give a similar situation to the superconductor by
using the abelian gauge fixing. In the abelian gauge, the diagonal part and the off-
diagonal part of the gauge field come to play a different role in a physical meaning.
The diagonal gauge fields remain to be gauge fields, while the off-diagonal gauge
fields behave as charged matter fields and permit the appearance of the QCD-
monopoles as mentioned above. Then, this off-diagonal gauge fields in the abelian
gauge may play a similar role to the matter system in the superconductor, and
therefore one may expect the similar situation to the complicated matter system
of the superconductor.
In the next chapter, we construct the phenomenological theory based on QCD
including the dual Meissner effect, and study the nonperturbative phenomena of
QCD, not only the confinement but also the q-q¯ pair creation and the dynamical
chiral-symmetry breaking, based on ’t Hooft’s conjecture, the relevance of the
abelian gauge and the abelian monopoles in the infrared region.
3. The Dual Ginzburg-Landau Theory
and QCD-Monopole Condensation
In this chapter, we construct the effective theory of the nonperturbative QCD
in the abelian gauge, by introducing the QCD-monopole field as a relevant mode
responsible to the color confinement. The QCD Lagrangian is described by quarks
qα and gluons Aµ [1],
LQCD = −1
4
GaµνG
µν
a + q¯(i 6 D −m)q, (3.1)
where Gµν ≡ ∂µAν − ∂νAµ+ ie[Aµ, Aν ] and Dµ ≡ ∂µ + ieAµ are the field strength
tensor and the covariant derivative, respectively.
We shall take the abelian gauge fixing presented by ’t Hooft. There remains
the gauge symmetry in the diagonal part of the gauge degrees of freedom in the
abelian gauge, so that the diagonal gluons would bring a large contribution to the
dynamical process as the gauge fields even in this gauge. On the contrary, off-
diagonal gluons behave as charged matter fields instead of the gauge fields because
the off-diagonal parts of the gauge degrees of freedom are fixed in this gauge [13].
The appearance of QCD-monopoles is important and should be taken into account
in the abelian gauge. We consider the main role of the off-diagonal gluon is to
form the QCD-monopoles in this gauge [14], which was supported by the recent
Monte Carlo simulation [17,18,23]. The infrared effective theory of QCD is thus
constructed by the abelian gauge fields and the QCD-monopole fields in the abelian
gauge.
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To begin with, let us consider the abelian gauge part in the effective theory,
LAbel ≡ −1
4
~f2µν + q¯(i 6 ∂ − e 6 ~A · ~H −m)q (3.2)
where ~fµν ≡ ∂µ ~Aν−∂ν ~Aµ, ~H ≡ (T3, T8), and ~Aµ ≡ (Aµ3 , Aµ8 ). Owing to the duality
of the abelian gauge theory, one can introduce the QCD-monopole field and study
the dual Meissner effect by the parallel argument to the superconductivity. To make
the duality of the gauge theory manifest, it is convenient to use the Zwanziger form
[34],
−1
4
~f2µν = −
1
4
(∂µ ~Aν − ∂ν ~Aµ)2 = −1
4
(∂µ ~Bν − ∂ν ~Bµ)2
= − 1
2n2
[n · (∂ ∧ ~A)]ν [n ·∗ (∂ ∧ ~B)]ν + 1
2n2
[n · (∂ ∧ ~B)]ν [n ·∗ (∂ ∧ ~A)]ν
− 1
2n2
[n · (∂ ∧ ~A)]2 − 1
2n2
[n · (∂ ∧ ~B)]2,
(3.3)
where nµ is an arbitrary constant four vector, corresponding to the direction of the
Dirac string, [a · (b∧c)]ν ≡ aµ(bµcν−bνcµ), and [a ·∗ (b∧c)]ν ≡ aµǫµναβ(bαcβ). The
field denoted by ~Bµ is called the dual gauge field, because it satisfies the relation
∗ ~fµν = ∂µ ~Bν − ∂ν ~Bµ (3.4)
in the absence of the electric current. Then, the Lorentz indices of the electric
and magnetic fields are interchanged each other by using the dual gauge field ~Bµ,
instead of ~Aµ in this case.
In the Zwanziger form, the magnetic current ~kµ directly couples with the dual
gauge field ~Bµ [34], similar to the coupling between the electric current ~jµ and the
ordinary gauge field ~Aµ. Hence, the interaction term in the presence of the electric
current and the magnetic current is given by Lint = ~jµ ~Aµ + ~kµ ~Bµ.
It is notable that the last expression in Eq.(3.3) is invariant under the two
types of the local transformations,
~Aµ(x)→ ~Aµ(x) + 1
e
∂µ~θA(x),
~Bµ(x)→ ~Bµ(x) + 1
g
∂µ~θB(x),
(3.5)
where θA(x) and θB(x) are independent arbitrary scalar functions. Then, we see
the extended local symmetry, [U(1)e]
2× [U(1)m]2 in the Zwanziger form. However,
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it does not mean the increase of the gauge degrees of freedom, because ~Aµ and ~Bµ
are not independent fields due to the interaction between them in the Zwanziger
form (3.3) [34, 35].
We phenomenologically introduce the QCD-monopoles as the relevant degrees
of freedom to the color confinement in order to investigate the nonperturbative
features in QCD. By introducing the QCD-monopole field χα(α=1,2,3) and its
coupling with the dual gauge fields ~Bµ [36], the effective Lagrangian is obtained
by
LDGL = − 1
2n2
[n · (∂ ∧ ~A)]ν [n ·∗ (∂ ∧ ~B)]ν + 1
2n2
[n · (∂ ∧ ~B)]ν [n ·∗ (∂ ∧ ~A)]ν
− 1
2n2
[n · (∂ ∧ ~A)]2 − 1
2n2
[n · (∂ ∧ ~B)]2
+ q¯(i 6 ∂ − e 6 ~A · ~H −m)q +
3∑
α=1
[|(i∂µ − g~ǫα · ~Bµ)χα|2 − λ(|χα|2 − v2)2],
(3.6)
where the self-interaction of χα is introduced phenomenologically similar to the
Ginzburg-Landau theory in the superconductivity physics [14,15]. We call the
theory based on the Lagrangian (3.6) as the dual Ginzburg-Landau theory because
it is a dual version of the Ginzburg-Landau theory.
In Eq.(3.6), g is the unit magnetic charge of the magnetic monopoles, obeying
the Dirac condition, eg = 4π. Let us consider the QCD-monopoles belonging
to the fundamental representation of SU(3)c. In this case, the magnetic charge ~ǫα
(α=1,2,3) of the QCD-monopole field χα is found to be ~ǫ1 = (1, 0), ~ǫ2 = (−12 ,−
√
3
2 ),
and ~ǫ3 = (−12 ,
√
3
2 ) in a suitable representation of SU(3)c [14,15]. In the Lagrangian
(3.6), three kinds of the QCD-monopole fields χα (α=1,2,3) are complex fields, and
there is a constraint among their phases, e.g.
∑3
α=1 argχα = 0 [14,15]. One finds
that the residual two degrees of freedom on the phase of χα are closely related with
the two kinds of the dual gauge field ~Bµ = (Bµ3 , B
µ
8 ). The dual gauge symmetry
[U(1)m]
2 ≡ U(1)(3)m ×U(1)(8)m in (3.5) is connected to the local phase transformation
of the QCD-monopole field,
~Bµ(x)→ ~Bµ(x) + 1
g
∂µ~θB(x),
χα(x)→ e−i~ǫα·~θB(x)χα(x)
(3.7)
similar to the ordinary gauge symmetry [U(1)e]
2 ≡ U(1)(3)e × U(1)(8)e .
The dual Meissner effect is brought by the realization of QCD-monopole con-
densation due to the self-interaction of χα with v
2 > 0 in the Lagrangian (3.6).
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QCD-monopole condensation leads the mass term of the dual gauge field ~Bµ, sim-
ilar to the generation of the photon mass due to Cooper-pair condensation in the
superconductivity. For the QCD vacuum, one finds |χα| = v(α = 1, 2, 3) in the
mean field level of the χ-field, and therefore the Lagrangian (3.6) reads
LDGL−MF = − 1
2n2
[n · (∂ ∧ ~A)]ν [n ·∗ (∂ ∧ ~B)]ν + 1
2n2
[n · (∂ ∧ ~B)]ν [n ·∗ (∂ ∧ ~A)]ν
− 1
2n2
[n · (∂ ∧ ~A)]2 − 1
2n2
[n · (∂ ∧ ~B)]2 + q¯(i 6 ∂ − e 6 ~A · ~H −m)q + 1
2
m2B
~B2,
(3.8)
where mB =
√
3gv is the mass of the dual gauge field ~Bµ. The QCD-monopole
field is also massive due to the self-interaction, mχ = 2
√
λv. It is notable that the
dual gauge symmetry [U(1)m]
2 in (3.5) is broken, while there remains the gauge
symmetry [U(1)e]
2, which is the subgroup of the original gauge group SU(Nc).
Hence, QCD-monopole condensation never breaks the abelian gauge symmetry
[U(1)e]
2, subgroup of SU(3)c.
⋆
To investigate the QCD vacuum, it is useful to start with the mean-field level
Lagrangian (3.8), neglecting the fluctuation of the QCD-monopole field. By in-
tegrating out the dual gauge field ~Bµ in the partition functional, one gets the
Lagrangian described by the gauge field ~Aµ,
LDGL−MF = −1
4
~fµν ~f
µν +
1
2
~AµKµν ~A
ν + q¯(i 6 ∂ − e 6 ~A · ~H −m)q. (3.9)
In this equation, the non-local operator Kµν is defined by
Kµν ≡ n
2m2B
(n · ∂)2 + n2m2B
Xµν , (3.10)
where Xµν is given by
Xµν ≡ 1
n2
ǫλ
µαβǫλνγδnαnγ∂β∂δ
=
1
n2
[−n2∂2gµν + (n · ∂)2gµν + nµnν∂2 − (n · ∂)(nµ∂ν + nν∂µ) + n2∂µ∂ν ].
(3.11)
One easily finds the [U(1)e]
2-gauge invariance of the Lagrangian LDGL−MF in
⋆ QCD-monopole condensation may break the off-diagonal part of the original gauge sym-
metry SU(3)c. It is, however, less important because the off-diagonal part already has no
gauge symmetry due to the abelian gauge fixing.
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Eq.(3.9) by using the relations,
Xµν = Xνµ, Xµν∂
ν = Xµνn
ν = 0. (3.12)
Hence, we find again that QCD-monopole condensation never breaks the gauge
symmetry [U(1)e]
2 ∈ SU(3). The mB-dependent term in the effective Lagrangian
(3.9) originally corresponds to the mass term of the dual gauge field ~Bµ, and leads
to the dual Meissner effect or the color confinement.
We discuss the spatial distribution of the QCD-monopole condensate |χα(x)|
and the color-electric field E(x) in the hadron flux tube within the quenched ap-
proximation [16]. We consider the flux tube in the mesonic system including the
static quark and the antiquark with a relative distance r. A straight flux tube
is formed between the quark and the antiquark, and therefore the system is ax-
ial symmetric around the axis between them [16]. In a large separation limit,
|r| → ∞, the system has a translational invariance along the direction rˆ, and the
system becomes quite similar to a vortex solution in the superconductivity [37] or
the Nielsen-Olesen vortex in the abelian Higgs model [38].
In this subject, it is convenient to describe the dual Ginzburg-Landau La-
grangian (3.6) only by the ~Bµ field,
LDGL = −1
4
(∂µ ~Bν − ∂ν ~Bµ)2 +
3∑
α=1
[|(i∂µ − g~ǫα · ~Bµ)χα|2 − λ(|χα|2 − v2)2].
(3.13)
We investigate the solution of the coupled equation of the abelian monopole field
|χα(x)| and the ~Bµ(x) field at the tree level, which is analogous to the vortex
solution in the superconductivity [37]. The solutions for the color-electric field
and the QCD-monopole field are given by functions of ρ, the distance from the
cylindrical axis, and take forms asEdiag(ρ) ≡ E3(ρ) = E8(ρ) and |χ(ρ)| ≡ |χ1(ρ)| =
|χ2(ρ)| = |χ3(ρ)| in the flux tube [16].
We consider the case of mχ > mB corresponding to the type II superconductor
because mχ > mB is suggested from the study of the quark potential as will be
shown in the following chapter. The color-electric field Ediag(ρ) takes a large value
only in a region of ρ <∼ m−1B , and therefore the cylindrical radius of the hadron
flux tube is roughly given by m−1B . One finds the reduction of the QCD-monopole
condensate |χ(ρ)| in the central region of ρ <∼ m−1χ in the flux tube [37,38]. The
QCD-monopole condensate is regarded as an almost constant value v, |χ(ρ)| ≃ v,
for the infrared region ρ >∼ m−1χ corresponding to kT <∼ mχ in the momentum
space, where k
T
denotes the transverse momentum component. On the contrary,
the QCD-monopole condensate almost disappear, |χ(ρ)| ≃ 0 for the ultraviolet
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region ρ <∼ m−1χ corresponding to kT >∼ mχ in the momentum space. Thus, one
finds the approximate relations,
|χ(ρ)| ≃ vθ(ρ−m−1χ ) and mB(ρ) ≃
√
3gv · θ(ρ−m−1χ ), (3.14)
and therefore the ultraviolet cutoff appears in mB. The appearance of the ultra-
violet cutoff is also found in the argument of the vortex in the superconductivity
[37], and is important for the study of the string tension as will be shown in the
next chapter.
We have obtained a phenomenological theory of the nonperturbative QCD, the
dual Ginzburg-Landau theory, which contains the confining mechanism
through QCD-monopole condensation and the dual Meissner effect. By using the
Lagrangian (3.6) or (3.9) in this theory, we investigate the nonperturbative features
of QCD, the color confinement, the effect of the q-q¯ pair creation, and the dynamical
chiral-symmetry breaking.
4. Quark Confinement Potential in the Quenched Approximation
In this chapter, we derive the quark static potential in the dual Ginzburg-
Landau theory, based on the Lagrangian (3.6) or (3.9) within the quenched ap-
proximation. The effective Lagrangian including the quark current ~jµ is given
by
LDGL−MF = 1
2
~AµD−1µν ~A
ν +~jµ ~A
µ
=
1
2
( ~Aµ +~jαD
αµ)D−1µν ( ~A
ν +Dνβ~jβ)− 1
2
~jµD
µν~jν ,
(4.1)
where Dµν is the propagator of the diagonal gluon field, ~Aµ. By integrating out
~Aµ in the partition functional, one gets the quark-current correlation,
Lj = −1
2
~jµD
µν~jν . (4.2)
The diagonal-gluon propagator Dµν is obtained from the effective Lagrangian (3.9)
in the dual Ginzburg-Landau theory, and the inverse propagator of the diagonal
gluon field is given as
D−1µν = gµν∂
2 − (1− 1
αe
)∂µ∂ν +
m2Bn
2
(n · ∂)2 +m2Bn2
Xµν (4.3)
in the Lorentz gauge with the gauge fixing term, LG.F. = − 12αe (∂µ ~Aµ)2. Then, the
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diagonal-gluon propagator is given by
Dµν =
1
∂2
{gµν + (αe − 1)∂µ∂ν
∂2
} − 1
∂2
m2B
∂2 +m2B
n2
(n · ∂)2Xµν , (4.4)
and therefore the quark-current correlation (4.2) leads
Lj = −1
2
~jµ[
1
∂2
gµν − 1
∂2
m2B
∂2 +m2B
n2
(n · ∂)2{−∂
2(gµν − nµnν
n2
) +
(n · ∂)2
n2
gµν}]~jν
= −1
2
~jµ[
1
∂2 +m2B
gµν +
m2B
∂2 +m2B
n2
(n · ∂)2 (gµν −
nµnν
n2
)]~jν
(4.5)
independent of the gauge-fixing parameter αe. The action including the quark-
current correlation is given by
Sj ≡
∫
d4xLj
=
∫
d4k
(2π)4
1
2
~jµ(−k)[ 1
k2 −m2B
gµν +
−m2B
k2 −m2B
n2
(n · k)2 (gµν −
nµnν
n2
)]~jν(k),
(4.6)
where ~jµ(k) is the Fourier component of ~jµ(x) with ~jµ(k) ≡
∫
d4xeik·x~jµ(x).
Let us consider the static system of a heavy quark and antiquark pair with
opposite color-charge located at a and b, respectively [14,15]. In this case, the
quark current is given by
~jµ(x) = ~Qgµ0{δ3(x− b)− δ3(x− a)}, (4.7)
where ~Q = (Q3, Q8) is the color charge of the static quark [39], and its Fourier
component reads
~jµ(k) = ~Qgµ02πδ(k0)(e
−ik·b − e−ik·a). (4.8)
The action (4.6) reads
Sj = −~Q2
∫
dt
∫
d3k
(2π)3
1
2
(1− eik·r)(1− e−ik·r)[ 1
k2 +m2B
+
m2B
k2 +m2B
· 1
(n · k)2 ],
(4.9)
where n is a unit vector and r ≡ b− a is the relative distance between the quark
and the antiquark. The static quark potential thus obtained is divided into two
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parts,
V (r;n) = VYukawa(r) + Vlinear(r;n). (4.10)
Here, VYukawa(r) gives the Yukawa-type potential,
VYukawa(r) ≡ ~Q2
∫
d3k
(2π)3
1
2
(1− eik·r)(1− e−ik·r) 1
k2 +m2B
= −~Q2
∫
d3k
(2π)3
eik·r
1
k2 +m2B
= −
~Q2
4π
· e
−mBr
r
,
(4.11)
apart from a irrelevant constant. Vlinear(r;n) is given by
Vlinear(r;n) ≡ ~Q2
∫
d3k
(2π)3
1
2
(1− eik·r)(1− e−ik·r) m
2
B
k2 +m2B
· 1
(n · k)2
= ~Q2
∫
d3k
(2π)3
{1− cos(k · r)} m
2
B
k2 +m2B
· 1
(n · k)2 .
(4.12)
Because of the axial symmetry of the system, it is reasonable to take n//r,
⋆
and
therefore one finds
Vlinear(r) = ~Q
2
∞∫
−∞
dkr
2π
∫
d2k
T
(2π)2
{1− cos(krr)} m
2
B
k2r + k
2
T
+m2B
· 1
k2r
=
~Q2m2B
8π2
∞∫
−∞
dkr
k2r
{1− cos(krr)}
∞∫
0
dk2
T
1
k2r + k
2
T
+m2B
,
(4.13)
where k
T
denotes the momentum component perpendicular to r.
It should be noted that there appears a physical ultraviolet cutoff in the k
T
-
integral corresponding to Eq.(3.14), and therefore no ultraviolet divergence comes
in Eq.(4.13). The appearance of the physical ultraviolet cutoff is similar to the
argument of the vortex in the superconductivity [37] as mentioned in the previous
chapter. In the central region of the hadron flux tube, ρ <∼ m−1χ , one find mB ≃ 0
because the QCD-monopole field |χ| almost vanishes. Thus, one gets Eq.(3.14),
and there appears the ultraviolet cutoff, k
T
<∼ mχ, in the integral in Eq.(4.13)
similar to the argument of the vortex in the superconductivity [37].
⋆ In terms of the energy minimum condition in Eq.(4.12), one gets n//r. Otherwise, there
appears the infrared divergence, corresponding to the double pole in Vlinear.
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Hence, we obtain the linear potential,
Vlinear(r) =
~Q2m2B
8π2
∞∫
−∞
dkr
k2r
{1− cos(krr)} ln(
m2χ + k
2
r +m
2
B
k2r +m
2
B
)
= Re
~Q2m2B
8π2
∞∫
−∞
dkr
k2r
(1− eikrr) ln(m
2
χ + k
2
r +m
2
B
k2r +m
2
B
)
= Re
~Q2m2B
8π2
πi
1− eikrr
kr
ln(
m2χ + k
2
r +m
2
B
k2r +m
2
B
)|kr=0
=
~Q2m2B
8π
ln(
m2B +m
2
χ
m2B
) · r,
(4.14)
where we have used the orthodox technique of the complex integration. The final
expression of the quark static potential is given by
V (r) = −
~Q2
4π
e−mBr
r
+
~Q2m2B
8π
ln(
m2B +m
2
χ
m2B
) · r, (4.15)
where ~Q2 takes the same value for the red, blue and green quarks, ~Q2 = Q23+Q
2
8 =
e2
3 [39]. We obtain a simple formula for the string tension,
k =
~Q2m2B
8π
ln(
m2B +m
2
χ
m2B
), (4.16)
which is analogous to the energy per unit length of the vortex in a type-II super-
conductor,
ǫ = (
φ0
4πδ
)2 ln(δ/ξ) =
φ20m
2
A
32π2
ln(
m2φ
m2A
), (4.17)
where φ0 is a magnetic flux of the vortex, δ = m
−1
A and ξ = m
−1
φ denote the
penetration depth and the coherent length, respectively [10, 37].
It is worth mentioning that our expression for the quark confining potential
Eq.(4.15) differs from the result of the Kanazawa group [14,15]. Their analytic
expression for the quark potential includes three parts, and looks rather compli-
cated. (See Eq.(4.9) in Ref.15.) Moreover, their expression for the string tension
is given by the modified Bessel function, K0(x), and differs from our expression,
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Eq.(4.16). Such difference stems on the usage of the following “prescription” by
the Kanazawa group, which used an artificial replacement as
1
(n · k)2 →
1
2
[
1
(n · k + ia)2 +
1
(n · k − ia)2 ] (4.18)
to avoid the infrared double pole in the gluon propagator [15,40], where a cannot
be taken to the zero limit. However, this replacement seems troublesome and gives
several difficulties as will be shown in chapter 6. (See Eq.(6.1).) Moreover, there
does not appear the infrared double pole in the expression of the quark potential
in Eq.(4.13), owing to the axial symmetry of the system, n//r. Hence, there is no
need to eliminate the “double pole” in this subject, which is similar to the vortex
in the superconductivity: there does not appear the unphysical divergence related
to the infrared double pole in the vortex solution. The replacement (4.18) of the
Kanazawa group is unnecessary to obtain the quark potential.
We compare the static quark potential, Eq.(4.15), with the phenomenological
potential, for instance, the Cornell potential [41] in Fig.1. The quark potential is
thus reproduced in our theory by choosing e = 5.5 (the gauge coupling constant),
v = 126MeV and λ=25 in Lagrangian (3.6), which provide g = 2.3, mB = 500MeV
(mass of the dual gauge field ~Bµ) and mχ = 1.26GeV (QCD-monopole mass). This
parameter set gives k = 1.0GeV/fm for the string tension in Eq.(4.16), and the
radius of the hadron flux tube m−1B ≃ 0.4fm. The linear part of the quark potential
is responsible for the quark confinement and characterizes the nonperturbative
feature in the infrared region.
We discuss now the nonperturbative effect on the quark potential in the rela-
tively short distance, r ∼ 0.2fm ≃ (1GeV)−1, by comparing the results of the dual
Ginzburg-Landau theory and the Cornell potential. The Cornell potential has the
Coulomb part and the linear part,
VCornell(r) = −
e2
C
3π
· 1
r
+ k
C
r, (4.19)
where the parameters, e
C
≃ 2 and k
C
≃ 1GeV/fm, are chosen to reproduce the
lattice QCD data in the pure gauge case and several data of the heavy quarkonium
[41]. In the Cornell potential, k
C
in the linear part is nothing but the string
tension k. On the other hand, the Coulomb part is introduced to represent the
perturbative one-gluon exchange effect, and therefore e
C
seems to correspond to
the gauge coupling constant. Surely, the Coulomb potential obtained from the
one-gluon exchange would be valid for quite a short distance as r ≪ 0.2fm. In the
region of r ∼ 0.2fm ≃ (1GeV)−1, there remains the strong coupling, αS ∼ 0.5,
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so that the perturbative theory should not be workable and there must be some
contribution beyond the one-gluon exchange effect. In this respect, e
C
does not
correspond to the gauge coupling constant of QCD directly, but should be regarded
as a fitting parameter including the higher-order effect of the perturbation or the
nonperturbative effect.
There should be a nonperturbative effect even in the region of r ∼ 0.2fm ≃
(1GeV)−1 in the dual Ginzburg-Landau theory, because of the presence of QCD-
monopole condensation, whose energy scale is characterized by mχ. This nonper-
turbative effect is found as a reduction of the effective degrees of freedom of gluons
due to QCD-monopole condensation, because the off-diagonal gluons are consid-
ered to lose their activities in this infrared region. Although there are N2c − 1 glu-
ons in the SU(Nc) nonabelian gauge theory, only Nc − 1 diagonal gluon fields are
considered to have a large contribution to the infrared region in the dual Ginzburg-
Landau theory. Hence, the color charge seems to be reduced to the effective charge
in the one-gluon exchange form,
e2eff =
∑
β∈diag(Q
2
β)e
2∑
α(Q
2
α)
=
(Nc − 1)e2
N2c − 1
=
e2
Nc + 1
, (4.20)
where
∑
β∈diag denotes the summation over the diagonal component alone. Then,
the parameter e
C
in the Coulomb part of the Cornell potential in Eq.(4.19) should
correspond to eeff =
e
2 in the dual Ginzburg-Landau theory with the Nc=3 case.
This relation is also obtained by the formal comparison between the Yukawa part
in Eq.(4.15) and the Coulomb part in Eq.(4.19) at a short distance.
The derivation of the quark potential (4.15) is based on the quenched approxi-
mation, where we have neglected the dynamics of the quark field. However, in the
real QCD system, effects of the dynamical quark should be important in the in-
frared (long-range) region of the potential, because the dynamical q-q¯ pair creation
should take place as the hadronic string becomes longer than a critical value. Due
to the q-q¯ pair-creation effect, the linear potential between quark and antiquark
is screened in the infrared (long-distance) region, and the quark static potential
should be asymptotically saturated. Such an effect has been observed in the lattice
QCD simulation with dynamical quarks [24]. In the next chapter, we study the
q-q¯ pair creation phenomena and its effect on the quark confining potential.
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5. The q-q¯ Pair Creation, Infrared Screening
Effect on the Quark Confinement Potential
and Infrared Cutoff in the Gluon Propagator
In this chapter, we study the dynamical effect of the light quarks, particularly
the infrared screening on the quark potential due to the dynamical q-q¯ pair creation
in the hadron flux tube. In the real strong interaction system, there are two or three
kinds of light quarks (u,d and s-quark). The introduction of such light dynamical
quarks is important not only for the dynamical chiral-symmetry breaking [4], but
also for the color confinement, because the quark confining potential is screened in
the infrared region [24] due to the q-q¯ pair creation [29].
In order to obtain the q-q¯ pair creation rate, we introduce the dynamical quark
field interacting with the color-electric field, which is approximated as a homoge-
neous external field inside the hadron flux tube. The Lagrangian including the
quark and the external abelian gluons, ~Aµ = (Aµ3 , A
µ
8 ), is given by
L = q¯(i 6 ∂ − e 6 A−M)q, (5.1)
where M is the effective quark mass, and Aµ ≡ ~Aµ · ~H . By integrating out the
quark field in the partition functional, we obtain the effective action [42],
Seff = − i
2
Tr ln{−(i∂µ − eAµ)2 − e
2
σµνf
µν +M2 − iǫ}
=
i
2
∫
d4x
∞∫
0
dτ
τ
tr〈x| exp[−iτ{−(i∂µ − eAµ)2 − e
2
σµνf
µν +M2 − iǫ}]|x〉
(5.2)
with σµν ≡ 12i [γµ, γν ] and fµν ≡ ∂µAν − ∂νAµ. After some calculation [29], the
effective Lagrangian is given by
Leff =
iNf
2π
∞∫
0
dτ
τ
e−iτ (M
2−iǫ)
∫
d2p
T
(2π)2
e−iτp
2
T trc(eE) coth(eEτ). (5.3)
Here, E is a diagonal matrix with the color indices corresponding to the magnitude
of the color-electric field, E = {(E3T3 + E8T8)2}1/2, where E3 = (Ei3Ei3)1/2 and
E8 = (E
i
8E
i
8)
1/2 are the magnitude of the two kinds of color-electric field, ~Ei =
(Ei3, E
i
8) = ∂
0 ~Ai − ∂i ~A0(i = 1, 2, 3). The integration variable p
T
physically means
the momentum component of dynamical quarks perpendicular to the direction of
the color-electric field. By using the Wick rotation in the complex τ -plane, one
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obtains the Schwinger formula for the q-q¯ pair creation rate w [29],
w = 2ImLeff =
Nf
π
∞∑
l=1
∫
d2p
T
(2π)2
1
l
trc(eE)e
−lπ(p2
T
+M2)(eE)−1
= −Nf
2π2
∞∫
0
dp
T
p
T
trc(eE) ln{1− e−π(p
2
T
+M2)(eE)−1}
=
Nf
4π3
∞∑
l=1
1
l2
trc(eE)
2e−lπM
2(eE)−1,
(5.4)
which is purely a nonperturbative effect in terms of the gauge coupling constant e,
and cannot be obtained by the use of the perturbation with respect to e.
Let us consider the expression of eE in the hadron flux tube with the cross
section S, S ∼ πm−2B ∼ 0.5fm2. In a fundamental representation of SU(3)c, the
red (R), blue (B) and green (G) quarks are expressed by (1,0,0), (0,1,0), (0,0,1),
respectively. In this representation, the color charge ~Q is given by (Q3, Q8) =
(12e,
1
2
√
3
e), (−12e, 12√3e), (0,−
1√
3
e) for the red, blue and green quark, respectively
[39]. Then, the diagonal matrix eE, which corresponds to the magnitude of the
color-electric field, is given by
eE = e{(E3T3 + E8T8)2}1/2 = e
S
{(Q3T3 +Q8T8)2}1/2 = diag(2k, k, k) (5.5)
in the flux tube of the R-R¯ system. Here, we have used the relation on the
string tension, k =
~Q2
2S =
e2
6S (≃ 1GeV/fm), which is derived from the Gauss
law ~Q = ~ES, and k = 12
~E2S = 12(E
2
3 + E
2
8)S.
⋆
Similarly, one finds eE =
diag(k, 2k, k), diag(k, k, 2k) for the B-B¯ and G-G¯ system, respectively.
Hence, one finds the same expression for w in the R-R¯, B-B¯ and G-G¯ system,
w = −Nf
2π2
∞∫
0
dp
T
p
T
[2k ln{1− e−π(p2T+M2)/(2k)}+ 2 · k ln{1− e−π(p2T+M2)/k}]
=
Nf
4π3
∞∑
l=1
1
l2
[(2k)2e−lπM
2/(2k) + 2 · k2e−lπM2/k].
(5.6)
The first term in the bracket corresponds to the q-q¯ pair creation with the same
color as the valence quark, and such a pair-creation process contributes to the cut
⋆ Here, the spatial variation of the QCD-monopole field is neglected because it only appears
in the central region of the flux tube, ρ <∼ m−1χ .
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of the hadron flux tube, i.e. the screening effect of the linear potential between the
valence quarks. As Glendenning and Matsui [43] pointed out, the effective color
charge of the created q-q¯ pair becomes a half value due to the screening effect or
the final-state interaction in this process, and 2k in the first term of Eq.(5.6) is
reduced to k. On the other hand, the second term in Eq.(5.6) describes the case
that the color of the created q-q¯ pair differs from that of the valence quark, so that
this contribution is less important to the screening of the quark potential. Thus,
the q-q¯ pair creation rate relevant to the screening effect is given by
wsc = −
Nf
2π2
k
∞∫
0
dp
T
p
T
ln{1− e−π(p2T+M2)/k} = Nf
4π3
k2
∞∑
l=1
1
l2
e−lπM
2/k. (5.7)
We estimate now the expectation value of the energy of the created q-q¯ pair
system. The creation rate of the q-q¯ pair with the transverse momentum p
T
is
given by
w(p
T
) = −Nf
2π2
kp
T
ln{1− e−π(p2T+M2)/k}, (5.8)
and therefore the expectation value of the created-pair energy is estimated by
〈2Eq〉 = 1
wsc
∞∫
0
dp
T
w(p
T
) · 2Eq(pT ), (5.9)
where Eq(pT ) denotes the energy of a quark with the transverse momentum pT and
is estimated as Eq(pT ) ≃ (p2T +M2)1/2.
†
We show in Fig.2 the q-q¯ pair creation rate vs. the created-pair energy 2Eq.
Here, we have used k = 1.0GeV/fm and M = 350MeV for the string tension and
the effective mass of the quark, respectively.
‡
We obtain the expectation value of
the created pair energy, 〈2Eq〉 ≃ 850MeV. Since the created pair energy 〈2Eq〉
is supplied by the shortening of the hadronic string by cutting off the string, the
screening effect due to the q-q¯ pair creation appears for the longer distance than
Rsc such that kRsc ≃ 〈2Eq〉. Then, we obtain the screening distance Rsc ≃ 1fm.
† Since p2
T
= p2x + p
2
y, it may be reasonable to use Eq(pT ) ≃ (p2 +M2)1/2 = (p2x + p2y + p2z +
M2)1/2 ≃ (3
2
p2
T
+M2)1/2. However, the peak or the average of the q-q¯ pair creation rate
w(p
T
) is modified only slightly in this case.
‡ The quark effective mass M ≃ 350MeV is obtained in the low-momentum region by using
the Schwinger-Dyson equation in our framework as will be shown in the next chapter.
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The hadronic strings become unstable against the q-q¯ pair creation when the
distance between the valence quark and antiquark becomes larger than Rsc. This
means the vanishing of the strong correlation between the quark and the antiquark
in the infrared region due to the screening effect brought by the light q-q¯ pair
creation and the cut of the hadronic string. Then, the corresponding infrared cutoff,
ǫ ≃ R−1sc ≃ 200MeV, should be introduced to the long-range strong correlation
between the valence quarks.
In the dual Ginzburg-Landau theory, the long range correlation between quarks
is brought by the nonlocal operator 1
(n·∂)2 in the diagonal-gluon propagator in
Eq.(4.4). From the one-dimensional relation ∂ 1∂ (x) = ∂θ(x) = δ(x), one finds that
1
∂ (x) = θ(x) + C1 with a constant C1, and similarly one obtains
1
∂2
(x) = xθ(x) + C1x+ C2, (5.10)
where C1 and C2 are arbitrary constants. Thus, one finds that
1
(n · ∂)2 (x− y) ≡ 〈x|
1
(n · ∂)2 |y〉
= {(xn − yn)θ(xn − yn) + C1(xn − yn) + C2}δ3(xT − yT ),
(5.11)
which gives a larger correlation for a further point to the direction nµ. Such an
operator brings the strong long-range correlation along nµ, direction of the Dirac
string, and leads to the linear confining potential in the absence of the dynamical
quarks.
In the presence of light dynamical quarks, the infrared cutoff ǫ ≃ 200MeV
should be introduced to this long-range correlation factor, 1(n·∂)2 , in the gluon
propagator, in accordance with the q-q¯ pair creation and the cut of the hadronic
string.
§
We get a modified diagonal-gluon propagator including the infrared screen-
ing effect as
Dscµν(k) = −
1
k2
{gµν + (αe − 1)kµkν
k2
}+ 1
k2
· m
2
B
k2 −m2B
· n
2
(n · k)2 + ǫ2Xµν , (5.12)
in the momentum representation from Eq.(4.4).
¶
Hence, the corresponding inverse
§ In principle, the infrared screening effect in the gluon propagator would be calculable by
solving the Schwinger-Dyson equation including the polarization effect of dynamical quarks.
¶ Although there is another way to introduce the infrared cutoff ǫ, they qualitatively give
the same results on the infrared screening effect in the quark potential.
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propagator is given by
Dscµν
−1(k) = −{gµνk2− (1− 1
αe
)kµkν}− k
2m2Bn
2
k2{(n · k)2 −m2Bn2}+ ǫ2(k2 −m2B)
Xµν ,
(5.13)
and the modified Lagrangian reads
LscDGL−MF =
1
2
~AµDscµν
−1 ~Aν + q¯(i 6 ∂ − e 6 ~A · ~H −m)q, (5.14)
which holds the [U(1)]2e-gauge invariance when the gauge fixing term is absent,
i.e. αe = ∞. It is notable that the infrared double pole, e.g. 1(n·k)2 , naturally
disappears in the gluon propagator Dscµν(k), which comes to play an important role
to the study of the dynamical chiral-symmetry breaking as will be shown in the
chapter 6. Then, the quark potential Vlinear(r) in Eq.(4.14) is modified by
V sclinear(r) ≃
~Q2m2B
8π2
∞∫
−∞
dkr
(k2r + ǫ
2)
{1− cos(krr)} ln(
m2χ + k
2
r +m
2
B
k2r +m
2
B
)
= Re
~Q2m2B
8π2
∞∫
−∞
dkr
(k2r + ǫ
2)
(1− eikrr) ln(m
2
χ + k
2
r +m
2
B
k2r +m
2
B
)
= Re
~Q2m2B
8π2
2πi
1− eikrr
kr + iǫ
ln(
m2χ + k
2
r +m
2
B
k2r +m
2
B
)|kr=iǫ
=
~Q2m2B
8π
· 1− e
−ǫr
ǫ
ln(
m2B +m
2
χ − ǫ2
m2B − ǫ2
)
(5.15)
apart from a small contribution of O(ǫ2).
We obtain a compact formula for the quark potential including the infrared
screening effect due to the q-q¯ pair creation,
Vsc(r) = VYukawa(r) + V
sc
linear(r) = −
~Q2
4π
· e
−mBr
r
+ k · 1− e
−ǫr
ǫ
, (5.16)
where k corresponds to the string tension,
k =
~Q2
8π
[(m2B − ǫ2) ln(
m2B +m
2
χ − ǫ2
m2B − ǫ2
) + ǫ2 ln(
m2χ − ǫ2
ǫ2
)]. (5.17)
The quark potential V sclinear(r) behaves as the linear potential with the string tension
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k,
V sclinear(r) ≃ kr (5.18)
at the short distance, r ≪ ǫ−1. On the contrary, the quark potential shows a
saturation corresponding to the screening effect,
V sclinear(r) ≃
k
ǫ
= constant (5.19)
in the infrared region, r ≫ ǫ−1.
We show the numerical result of V sclinear(r) for several values of infrared cutoff ǫ
in Fig.3 as the screening effect on the quark confining potential. We have used the
same values for the gauge coupling constant and the mass of the dual gauge field
as before, e = 5.5 and mB = 500MeV. The QCD-monopole mass mχ is chosen so
as to reproduce the string tension k = 1.0GeV/fm, and is found to be mχ = 1.26,
1.15 and 1.01 GeV for ǫ=0, 100 and 200 MeV, respectively. The screening effect or
the saturation of the quark confining potential is found in the long distance, and
such a screening effect becomes dominant as ǫ gets larger.
Let us consider the relationship among the quantities related to the quark
confinement and the infrared screening effect. As for the infrared cutoff ǫ and the
effective quark mass M , we find a simple relation
ǫ ≃ k〈2Eq〉 ∼
k
2M
(5.20)
from the relations, ǫ ≃ R−1sc and kRsc ≃ 〈2Eq〉 ∼ 2M . We also find a simple
relation between the saturated value of the confining potential, V sclinear(∞), and the
string tension k,
V sclinear(∞) =
k
ǫ
≃ 〈2Eq〉 ∼ 2M (5.21)
from Eqs.(5.17), (5.19) and (5.20).
We examine the dependence of the effective quark mass M within the possi-
ble variation of the effective quark mass, 350MeV <∼ M < ∞, because even the
massless quark has a large effective mass about 350MeV due to the dynamical
chiral-symmetry breaking. From Eqs.(5.17) and (5.20), one finds that ǫ is almost
inversely proportional to M , and the string tension k does not strongly depend on
ǫ andM as long as ǫ≪ mB, mχ. One also finds that the saturated value V sclinear(∞)
is almost proportional to the quark mass M from Eq.(5.21). These relations can
be examined by the use of the lattice QCD simulation for the various bare quark
mass.
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The infrared screening effect on the quark potential has been observed in the
lattice QCD simulation with the dynamical quarks [24]. However, most studies
have been based on the small-size lattice, for instance 83×4, and the finite size effect
may spoil the quantitative argument on the long-range screening effect. Actually,
rather different results are reported on the screening effect in the lattice QCD data
[24]. It is desirable to investigate this problem by using a large-size lattice with
high statistics.
6. The Schwinger-Dyson Equation and the
Dynamical Chiral-Symmetry Breaking
In this chapter, we study the dynamical chiral-symmetry breaking by using the
dual Ginzburg-Landau theory. In particular, we are interested in the relation be-
tween the color confinement and the dynamical chiral-symmetry breaking because
there is a remarkable coincidence on the critical temperatures of the deconfinement
phase transition and the chiral-symmetry restoration in the lattice QCD simulation
with dynamical quarks [44]. To this end, we derive the Schwinger-Dyson equation
for the light quarks by using the diagonal-gluon propagator Dscµν(k) in Eq.(5.12) in
the dual Ginzburg-Landau theory.
Several years ago, Baker et al. [45, 46] studied the relation between the dy-
namical chiral-symmetry breaking and monopole condensation in the dual QCD
model [47], and obtained that monopole condensation contributes to the chiral
symmetry breaking. However, they used a wrong sign [45, 46] for the integrand in
the Schwinger-Dyson equation, which was pointed out by the Kanazawa group [40].
Since this error was fatal as was shown in erratum in Ref.[45], their conclusion is no
more creditable. Very recently, the Kanazawa group studied this subject by using
the dual Ginzburg-Landau theory, and they encountered a difficulty in solving the
Schwinger-Dyson equation in relation with the appearance of the infrared double
pole in the gluon propagator [40]. They used an artificial replacement (4.18) to
avoid the infrared double pole [15,40], and used an angle average for the direction
of the Dirac string nµ [40,46],
1
2π2
∫
dΩn
1
(n · k)2 = −
2
k2
. (6.1)
However, the inverse of the sign takes place in this replacement because the inte-
grand in the left-hand side is positive definite. They solved the Schwinger-Dyson
equation by using the above replacement, and found that the dynamical chiral-
symmetry breaking is weakened by QCD-monopole condensation [40]. Their result
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seems unexpected and against the results on the relationship between the decon-
finement phase transition and the chiral-symmetry restoration in the lattice QCD
[44]. We speculate that the inverse of the sign in the replacement (6.1) is unnatural
and problematic, and gives the origin of their unnatural result.
We shall now study this issue by using the gluon propagator including the in-
frared screening effect in the dual Ginzburg-Landau theory. Although the Kanazawa
group has neglected the dynamical effect of light quarks, it is desirable, as an im-
portant ingredient, to include the dynamical effect of quarks such as the q-q¯ pair
creation in this subject, because the light dynamical quarks should be introduced
for the study of the dynamical chiral-symmetry breaking. Hence, we use the mod-
ified diagonal-gluon propagator Dscµν(k) in Eq.(5.12), which includes the infrared
screening effect. It is notable that the infrared double pole in the gluon propagator
is naturally disappeared by the infrared screening effect. (See Eq.(5.12).) Hence,
there is no difficulty of the infrared double pole in the gluon propagator, and we
can formulate the Schwinger-Dyson equation in a straightforward way.
We study the dynamical chiral-symmetry breaking by using the Schwinger-
Dyson equation for the quark field in the chiral limit within the rainbow approxi-
mation [25, 26],
S−1q (pM ) = 6 pM +
∫
d4k
M
i(2π)4
~Q2γµSq(kM )γ
νDscµν(kM − pM ), (6.2)
where Sq(pM ) denotes the quark propagator with the Minkowski momentum pM .
In this equation, the coupling strength between the quark and the diagonal-gluons
is given by ~Q2 = Nc−12Nc e
2 in the SU(Nc) gauge theory [40]. We consider a simple
quark propagator Sq(p) including the momentum-dependent mass M(−p2M ),
Sq(pM )
−1 = 6 p
M
−M(−p2
M
) + iǫ, (6.3)
although the quark propagator should be taken, in a rigorous sense, as
Sq(pM )
−1 = A 6 p
M
+ B + C 6 p
M
6 n +D 6 n + iǫ, where A,B,C, and D are scalar
functions of p2
M
and p
M
· n [46]. The Schwinger-Dyson equation for the dynamical
quark mass M(−p2
M
) is obtained by taking the trace of Eq.(6.2),
M(p2) =
∫
d4k
(2π)4
~Q2
M(k2)
k2 +M2(k2)
Dµscµ (k − p) (6.4)
after the Wick rotation in the k0-plane and the transformation into the Euclidean
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variables, which are simply denoted as p or k. In the Lorentz gauge, one finds
Dµscµ (k) =
1
(n · k)2 + ǫ2 ·
1
k2
· 2m
2
B
k2 +m2B
{k2 − (n · k)2}+ 3 + αe
k2
=
2
(n · k)2 + ǫ2
(
m2B
k2 +m2B
+
ǫ2
k2
− ǫ
2
k2 +m2B
)
+
2
k2 +m2B
+
1 + αe
k2
,
(6.5)
and the Schwinger-Dyson equation becomes
M(p2) =
∫
d4k
(2π)4
~Q2
M(k2)
k2 +M2(k2)
×
(
2
k˜2 +m2B
+
1 + αe
k˜2
+
2
(n · k˜)2 + ǫ2 [
m2B
k˜2 +m2B
+
ǫ2
k˜2
− ǫ
2
k˜2 +m2B
]
)
(6.6)
with k˜µ ≡ kµ − pµ. One finds that no infrared double pole appears in Eq.(6.6), so
that one can solve it numerically without any difficulties related to the unphysical
infrared divergence.
We can perform the angle integration of the first and second terms in the
bracket in Eq.(6.6) by the use of the formula,
I1 ≡
∫
d4k
(2π)4
1
k˜2 + c2
f(k2)
=
1
(2π)3
∞∫
0
k2dk2f(k2)
π∫
0
dθ
sin2 θ
k2 + p2 + c2 − 2kp cos θ
=
1
8π2
∞∫
0
k2dk2f(k2)
1
k2 + p2 + c2 +
√
(k2 + p2 + c2)2 − 4k2p2 ,
(6.7)
where f(k2) and c are an arbitrary function of k2 and an arbitrary constant, re-
spectively. As for the remaining part in Eq.(6.6), we can partially perform the
angle integration using the formula,
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I2 ≡
∫
d4k
(2π)4
1
(n · k˜)2 + ǫ2 ·
1
k˜2 + c2
f(k2)
=
∞∫
−∞
dkn
2π
∞∫
0
k2
T
dk
T
(2π)2
f(k2)
1
k˜2n + ǫ
2
1∫
−1
d(cosα)
k˜2n + k
2
T
+ p2
T
+ c2 − 2k
T
p
T
cosα
=
1
16π3p
T
∞∫
−∞
dkn
∞∫
0
dk
T
k
T
f(k2)
1
k˜2n + ǫ
2
ln
(
k˜2n + (kT + pT )
2 + c2
k˜2n + (kT − pT )2 + c2
)
=
1
32π3p
T
∞∫
0
dk2f(k2)
k∫
−k
dkn
1
k˜2n + ǫ
2
ln
(
k˜2n + (kT + pT )
2 + c2
k˜2n + (kT − pT )2 + c2
)
,
(6.8)
where we have used the relation,
∞∫
−∞
dkn
∞∫
0
dk
T
k
T
=
∞∫
−∞
dkn
∞∫
|kn|
dkk =
∞∫
0
dkk
k∫
−k
dkn. (6.9)
Then, after some complicated calculation on the angle integrations, one obtains
a expression for the Schwinger-Dyson equation,
M(p2) =
∞∫
0
dk2
16π2
~Q2M(k2)
k2 +M2(k2)
(
4k2
k2 + p2 +m2B +
√
(k2 + p2 +m2B)
2 − 4k2p2
+
(1 + αe)k
2
max(k2, p2)
+
1
πp
T
k∫
−k
dkn
1
k˜2n + ǫ
2
× [(m2B − ǫ2) ln{
k˜2n + (kT + pT )
2 +m2B
k˜2n + (kT − pT )2 +m2B
}+ ǫ2 ln{ k˜
2
n + (kT + pT )
2
k˜2n + (kT − pT )2
}]
)
,
(6.10)
where k˜n ≡ kn − pn, kT ≡ (k2 − k2n)1/2. Here, the right hand side of Eq.(6.10) is a
function of pn and pT generally, so that Eq.(6.10) is not a closed equation, which is
brought due to the nµ-dependence of the diagonal gluon propagator in Eq.(5.12).
To solve Eq.(6.10), we use the ansatz,
pn = p sin θ, pT = p cos θ (6.11)
with an angle parameter θ, and then the Schwinger-Dyson equation (6.10) can be
solved for each value of θ. It is notable that the right hand side of Eq.(6.10) is
always non-negative, which supports the existence of a nontrivial solution.
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In solving the Schwinger-Dyson equation, we use the Higashijima-Miransky
approximation [25, 26] with a hybrid type of the running coupling constant [40,48]
e˜ = e(max{p2, k2}), e2(p2) = 48π
2(Nc + 1)
(11Nc − 2Nf ) ln{(p2 + p2c)/Λ2QCD}
, (6.12)
and replace the gauge coupling constant e with e˜ in Eq.(6.10). Here, ΛQCD is the
QCD scale parameter (ΛQCD(MS) = 220± 15± 50MeV, Exp.) [3] and pc is given
by
p2c = Λ
2
QCD exp[
48π2
e2
· Nc + 1
(11Nc − 2Nf )
]. (6.13)
Such a treatment of the gauge coupling constant, e˜ in Eq.(6.12), approximately
divides the momentum region into the ultraviolet part p > pc and the infrared
part p < pc. In the high momentum region, p
2 ≫ p2c , gauge coupling strength in
Eq.(6.10) is reduced to the perturbative one in Eq.(1.1),
~Q2(p2)
4π
=
Nc − 1
2Nc
· e
2(p2)
4π
≃ N
2
c − 1
2Nc
12π
(11Nc − 2Nf ) ln(p2/Λ2QCD)
=
N2c − 1
2Nc
αs(p
2),
(6.14)
and therefore Eq.(6.10) is reduced to a simple expression in the ultraviolet limit
p2 →∞,
M(p2) =
N2c − 1
2Nc
∞∫
0
dk2
4π
αs(max{k2, p2}) M(k
2)
k2 +M2(k2)
· (3 + αe)k
2
max(k2, p2)
, (6.15)
which coincides with the Schwinger-Dyson equation by using the free gluon field
[25, 26]. Thus, the full gluon contribution is taken into account in this ultraviolet
region by the use of e˜ in Eq.(6.12) [40]. On the other hand, e(p2) in Eq.(6.12)
becomes a constant in the low momentum region, p2 <∼ p2c ,
e2(p2) ≃ 48π
2(Nc + 1)
(11Nc − 2Nf ) ln(p2c/Λ2QCD)
= e2, (6.16)
which seems underestimation of the strong-coupling nature in comparison with the
perturbative result in Eq.(1.1). It should be noted that the dual Ginzburg-Landau
theory includes QCD-monopole condensation as a nonperturbative effect related
to the color confinement, which would be brought by the strong coupling in the
infrared region.
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We briefly show our thinking on the nonperturbative QCD physics in terms
of the dual Ginzburg-Landau theory. Owing to the asymptotic freedom of QCD,
the perturbation theory is valid in the ultraviolet region, while the dynamics in
the infrared region should be nonperturbative. In the dual Ginzburg-Landau the-
ory, these two regions are approximately divided by the energy scale of the dual
Meissner effect, the mass of the dual-gauge field mB or the abelian monopole mass
mχ, and therefore pc in the above argument should correspond to mB(mχ), i.e.
pc ∼ mB(mχ), which is valid for our parameter set, e = 5.5,ΛQCD=200MeV and
Nc = Nf = 3, pc ≃ 638MeV ∼ mB(mχ). Thus, in our framework, the ultraviolet
region of p > pc ∼ mB(mχ) is regarded as the perturbative region and is charac-
terized by the running coupling constant in the perturbation theory. On the other
hand, the infrared region of p < pc ∼ mB(mχ) is essentially nonperturbative and
is characterized by abelian monopole condensation or the dual Meissner effect in
the dual Ginzburg-Landau theory.
We study the dynamical chiral-symmetry breaking by solving the Schwinger-
Dyson equation (6.10) numerically in the Landau gauge αe = 0, where the wave
function renormalization is not needed [28] and the quark propagator (6.3) is valid
for mB = 0. As for the angle parameter θ, we obtain similar numerical solutions
for various θ and the θ-dependence seems rather small, and therefore we only show
the numerical results for the averaged values of pn and pT , pn = 〈pn〉 = 12p and
p
T
= 〈p
T
〉 =
√
3
2 p. We show the numerical result for the dynamical quark mass
M(p2) in Fig.4 for e = 5.5, ΛQCD = 200MeV, mB = 500MeV and ǫ=80MeV. The
solid curve in the space-like region, p2(= −p2
M
) > 0, is a nontrivial solution of the
Schwinger-Dyson equation (6.10), where the dynamical quark mass in the infrared
region, M(0) ≃ 348MeV, seems a reasonable value in terms of the constituent
quark model [1].
We also investigate the light-quark confinement, although this issue is rather
difficult because the discussion of the static quark potential cannot be applied
to the light quarks unlike the heavy quarks because the light quark cannot be
fixed at a spatial point. Instead, the light-quark confinement is characterized by
the disappearance of the physical poles in the quark propagator, which can be
obtained by the analytic continuation of the dynamical quark mass M(p2) to the
time-like region in principle [49]. In Fig.4, the solid curve in the time-like region,
p2(= −p2
M
) < 0, is obtained by a smooth extrapolation of M(p2) from the region
0 < p2 < p2c , assuming the continuous property of the quark propagator. We find
the solid curve does not cross the line, p2(= −p2
M
) = −M2(p2), corresponding to
the on-shell condition. Hence, the quark propagator has no physical poles, and
the light quarks never appear as the asymptotic fields, which means the color
confinement for light quarks.
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We now investigate the effect of QCD-monopole condensation on the dynamical
chiral-symmetry breaking. We show in Fig.5 the numerical results of the dynamical
quark mass M(p2) for the various values of mB, the mass of the dual-gauge field
~Bµ. The other parameters are set to the same values as in Fig.4. No nontrivial
solution is found for the small values of mB , e.g. mB <∼ 200MeV. The nontrivial
solution is found formB >∼ 300MeV, and the dynamical quark massM(p2) becomes
larger at each p2 as mB gets larger, and therefore QCD-monopole condensation
provides a large contribution to the dynamical chiral-symmetry breaking. Thus,
we find the close relation between the color confinement and the dynamical chiral-
symmetry breaking through QCD-monopole condensation in the dual Ginzburg-
Landau theory.
We also calculate the quark condensate 〈q¯q〉, and the pion decay constant fπ,
which also characterize the dynamical chiral-symmetry breaking as well as the
dynamical quark mass in the infrared limit, M(0). The quark condensate is given
by
〈q¯q〉Λ =
Λ∫
d4k
M
i(2π)4
trSq(kM ) = −
Nc
4π2
Λ2∫
0
dk2
k2M(k2)
k2 +M2(k2)
, (6.17)
where ultraviolet cutoff Λ is introduced to regularize the ultraviolet divergence of
the integral. By using the asymptotic form of the quark mass M(p2) [50], one gets
the quark condensate in the renormalization-group invariant form in the asymptotic
region [40,51],
〈q¯q〉
RGI
=
〈q¯q〉Λ
{ln(Λ2/Λ2QCD)}a
, (6.18)
where a = 9(N
2
c−1)
2Nc(11Nc−2Nf ) =
4
9 for Nc = Nf = 3. We calculate 〈q¯q〉RGI in the
asymptotic region Λ2/Λ2QCD = 10
6, where the electro-weak unification takes place.
The pion decay constant (fπ=93MeV, Exp.) is given by the Pagels-Stokar formula,
[52]
f2π =
Nc
4π2
∞∫
0
dk2
k2M(k2)
{k2 +M2(k2)}2
(
M(k2)− k
2
2
· dM(k
2)
dk2
)
. (6.19)
The numerical results on M(0), 〈q¯q〉
RGI
and fπ are shown in Fig.6 for the
various values of the gauge coupling e and the mass of the dual-gauge field mB.
As for the mB dependence on these quantities, the dynamical-symmetry breaking
appears strongly for the large value of mB , and therefore a large amount of the
chiral-symmetry breaking seems to be brought by QCD-monopole condensation,
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which is responsible to the color confinement. These quantities are well reproduced
asM(0) ≃ 348MeV, 〈q¯q〉
RGI
≃ −(192MeV)3, 〈q¯q〉Λ=1GeV ≃ −(229MeV)3 and fπ ≃
83.6MeV by using the parameter set, e = 5.5, ΛQCD=200 MeV [3], mB=500MeV
and ǫ=80MeV. This parameter set is consistent with the perturbative QCD in the
ultraviolet region [1] and the quark potential as shown in chapter 4 and 5. In
particular, this parameter set provides the reasonable values of the running gauge
coupling constant, αs(m
2
Z) ≃ 0.123(Exp., 0.108 ± 0.005) [2] and αs((35GeV)2) ≃
0.146(Exp., 0.10 ∼ 0.17) [1] for Nf = 4. Thus, the dual Ginzburg-Landau theory
provides the consistent picture for the phenomenological aspects of QCD, that is
the perturbative QCD, the color confinement and the dynamical chiral-symmetry
breaking.
It is notable that large values for e and ΛQCD are needed in the absence of
QCD-monopole condensation, mB = 0, to reproduce the enough amount of the
chiral-symmetry breaking, as is shown in Fig.6. This case, mB = 0, corresponds
to the Schwinger-Dyson equation in Refs.[27] and [28], where the authors used
large values for e ∼ 10 and ΛQCD = 0.5 ∼ 1GeV to reproduce 〈q¯q〉RGI or fπ.
This seems inconsistent with the QCD scale parameter ΛQCD ∼ 200MeV obtained
from the high-energy experimental data by using the perturbative QCD [3], and
the gauge coupling e estimated from the static quark potential. (See chapter 4.)
The reason of the disagreement for mB = 0 seems rather trivial, because there is
no nonperturbative effect like the color confinement in the infrared region, where
the coupling constant e becomes extremely strong and the nonperturbative effect
should appear. Such a missing contribution in the infrared region inevitably leads
the underestimation for the physical quantities like 〈q¯q〉 or fπ. Hence, if one wants
to reproduce enough values for them for mB = 0, one needs a large coupling
e ∼ 10 and a large QCD scale parameter ΛQCD = 0.5 ∼ 1GeV, which enlarges the
strong-coupling region (p < ΛQCD).
Finally, we consider the physical meaning of the above results on the close
relation between the confinement and the dynamical chiral-symmetry breaking
through QCD-monopole condensation. The dynamical chiral-symmetry breaking
is characterized by the quark and antiquark pair condensation, 〈q¯q〉 6= 0, which is
brought by the strong attractive force between the quark and the antiquark with the
opposite color charge [7, 8]. In the dual Ginzburg-Landau theory, QCD-monopole
condensation leads the linear confining potential, which bring the strong and long-
range attractive force between the quark and the antiquark with the opposite color
charge, and therefore quark pair condensation is expected to be realized. Thus,
the dynamical chiral-symmetry breaking should be enhanced by the presence of
the confining force or QCD-monopole condensation. On the other hand, only
a Coulomb-type force remains between quarks when the QCD-monopole field is
not condensed, mB = 0, and therefore the weak attractive force is only expected
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between the quark and the antiquark. Thus, the realization of the dynamical chiral-
symmetry breaking is rather hard in the absence of QCD-monopole condensation,
unless quite large values for e and ΛQCD are used, as shown in Fig.6.
7. Summary and Discussions
We have studied nonperturbative features in QCD such as the color confine-
ment, the q-q¯ pair creation and the dynamical chiral-symmetry breaking in terms of
QCD-monopole condensation by using the dual Ginzburg-Landau theory. We have
investigated the appearance of QCD-monopoles in QCD in the abelian gauge pro-
posed by ’t Hooft. The nonabelian nature leads to the nontrivial homotopy class,
π2(SU(Nc)/[U(1)]
Nc−1) = π1([U(1)]
Nc−1) = ZNc−1∞ , which provides the origin of
the QCD-monopoles. As a phenomenological theory of the nonperturbative QCD,
we have constructed the dual Ginzburg-Landau theory including the confining
mechanism in terms of the dual Meissner effect by QCD-monopole condensation.
As for the heavy quark confinement, we have derived the static quark potential
including the linear part and the Yukawa part in the dual Ginzburg-Landau the-
ory within the quenched approximation. We have derived a simple formula for the
string tension, which is analogous to the energy per unit length of the vortex in
the superconductivity.
We have studied the dynamical effect of light quarks on the quark potential
with respect to the infrared screening effect brought by the q-q¯ pair creation or the
cut of the hadronic strings. We have estimated the screening length, Rsc ≃ 1fm, for
the quark confining potential by the use of the Schwinger formula for the q-q¯ pair
creation. The corresponding infrared cutoff has been introduced to the strong long-
range correlation part in the gluon propagator, and we have obtained a compact
formula for the quark potential including the screening effect in the infrared region.
We have investigated the dynamical chiral-symmetry breaking in the dual
Ginzburg-Landau theory by the use of the Schwinger-Dyson equation with the
gluon propagator including the dual Meissner effects or the nonperturbative effect
related to the color confinement. In our approach, the nonperturbative region and
the perturbative region are naturally divided by the energy scale of QCD-monopole
condensation, and characterized by the dual Meissner effect and the perturbative
running coupling constant, respectively. We have found a large enhancement of the
dynamical chiral-symmetry breaking due to QCD-monopole condensation, which
supports the close relation between the color confinement and the chiral-symmetry
breaking through QCD-monopole condensation.
The dynamical quark mass, the pion decay constant and the quark condensate
are well reproduced by using the consistent values of the gauge coupling constant
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and the QCD scale parameter with the perturbative QCD and the quark confining
potential. By using the parameter set, e = 5.5, ΛQCD = 200MeV, mB = 500MeV
and ǫ=80MeV, we have obtained good results on both the quark confining potential
and the dynamical chiral-symmetry breaking, e.g. M(0) ≃ 348MeV, 〈q¯q〉
RGI
≃
−(192MeV)3, 〈q¯q〉Λ=1GeV ≃ −(229MeV)3, and fπ ≃ 83.6MeV. This parameter
set also provides the reasonable values of the running gauge coupling constant,
αs(m
2
Z) ≃ 0.123(Exp., 0.108±0.005) and αs((35GeV)2) ≃ 0.146(Exp., 0.10 ∼ 0.17)
for Nf = 4, and is found to be consistent with the perturbative QCD in the
ultraviolet region.
The color confinement of the light quarks has been also examined in the dual
Ginzburg-Landau theory by the smooth extrapolation of the quark mass function
M(p2) from the space-like region to the time-like region, and the disappearance of
the physical poles in the light-quark propagator has been found.
Thus, we have obtained the consistent picture for the various phenomena in
QCD by using the dual Ginzburg-Landau theory. We have shown in this the-
ory the quark confining potential within the quenched approximation, the infrared
screening effect for the quark potential by the light quark-pair creation, the dy-
namical chiral-symmetry breaking by using the consistent value of ΛQCD with the
perturbative QCD, and the light-quark confinement.
We now discuss the other interesting subjects in QCD in terms of QCD-
monopole condensation in the dual Ginzburg-Landau theory. It is meaningful to
examine the relation between abelian monopole condensation and the QCD phase
transition, which is characterized by the confinement and the chiral symmetry. Due
to the asymptotic freedom of QCD, the gauge coupling constant becomes small at
high temperatures, and one expects the phase transition from the nonperturba-
tive vacuum to the perturbative vacuum, which corresponds to the deconfinement
phase transition and the chiral-symmetry restoration [7]. The critical temperatures
of these phase transitions coincide in the study of the lattice QCD simulation with
light dynamical quarks [44], and the critical gauge couplings also coincide between
the deconfinement and the chiral-symmetry restoration in the lattice QCD. Hence,
there must be close relation between the confinement and the chiral-symmetry
breaking.
In the dual Ginzburg-Landau theory, the QCD phase transition is character-
ized by the presence or the absence of QCD-monopole condensation. In the strong-
coupling case or the low-temperature case, we expect QCD-monopole condensation,
which results in the color confinement and the dynamical chiral-symmetry break-
ing. At a critical coupling or a critical temperature, such QCD-monopole conden-
sation would disappear, and therefore one expects not only the disappearance of
the color confinement, e.g. the dual Meissner effect or the confining force between
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quarks, but also the large reduction of the dynamical chiral-symmetry breaking. In
particular, the dynamical chiral-symmetry breaking also vanishes for e <∼ 7 when
the QCD-monopole condensate disappears, mB = 0. (see Fig.6.) Thus, we expect
the coincidence of the deconfinement phase transition and the chiral-symmetry
restoration in relation with the vanishing of QCD-monopole condensation.
We will briefly show the future program of our study in the dual Ginzburg-
Landau theory. It is straightforward to extend the Schwinger-Dyson equation
for the massive current quark, m 6= 0, and therefore we can also investigate the
properties related to the massive quarks such as s, c and t-quark, e.g. s-quark mass
Ms(p
2), fK and 〈s¯s〉, as well as u and d-quark [27] in the dual Ginzburg-Landau
theory.
The hadron properties can be studied by solving the Bethe-Salpeter equation
[28] or the Faddeev equation [53] in the dual Ginzburg-Landau theory. The mass
and the decay constant of mesons (σ, ρ, A1) would be calculated by using the sim-
ilar technique of the ladder Bethe-Salpeter equation in Ref.[28] with the diagonal-
gluon propagator Dscµν(k) in Eq.(5.12), although the equation may be complicated
due to its nµ dependence. It would be interesting to investigate the properties
of mesons including the heavy quark by using the Bethe-Salpeter equation in this
scheme, because dynamics of the c-quark is hardy controlled in the lattice gauge
simulation. Although the baryon property can be obtained by the Faddeev equa-
tion in principle, it would be rather complicated to solve numerically. However,
approximate properties of the baryon would be calculable by regarding the baryon
as the bound state of the quark and the diquark [54, 55].
We consider the other possible applications of the dual Ginzburg-Landau the-
ory to the hadron physics. The nonrelativistic quark models [56] may be reformu-
lated by using the diagonal-gluon propagator in the dual Ginzburg-Landau theory,
instead of the introduction of the confining potential, which would be automatically
reproduced. The chiral soliton picture [33] of the nucleon or the ∆(1232)-resonance
based on the nontrivial homotopy group π2(SU(Nf )/U(1)) = π1(U(1)) = Z∞ is
one of the most interesting issue in the hadron physics, and such a chiral soliton
would be investigated from the underlying quark degrees of freedom by using the
nµ-averaged quark-current correlation in Eq.(4.2) and the similar argument to the
soliton in the Nambu-Jona-Lasinio model [57].
We have divided into the nonperturbative and the perturbative regions in terms
of QCD-monopole condensation in the dual Ginzburg-Landau theory. We compare
such a division with the operator product expansion [58], where one introduces
normalization point µ, and fluctuations with virtual low momentum p such as p2 <
µ2 are included in the local operators, while those at large virtual momentum p2 >
µ2 are included in the Wilson coefficients by definition [7]. Since the small scale
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physics is approximately described by the perturbation theory and nonperturbative
phenomena are connected with the long scale physics, the normalization point µ
physically corresponds to the border of the nonperturbative and the perturbative
regions. In our framework, such a division is given by the typical energy scale of
QCD-monopole condensation, pc ∼ mB(mχ) ∼ 1GeV, and the running coupling
constant based on a perturbative scheme is used for the small scale physics, p2 > p2c ,
while the nonperturbative nature appears as QCD-monopole condensation mainly
in the long scale physics, p2 < p2c . Thus, our framework seems similar to the
operator product expansion, and then QCD-monopole condensation may provide
the physical image of the separation between the two different scale regions in the
operator product expansion.
Furthermore, the dual Ginzburg-Landau theory would also provide the calcula-
tion scheme for the matrix elements of the local operators, e.g. 〈GµνGµν〉 or 〈q¯q〉,
in the operator product expansion, because we have obtained the quark propagator
and the diagonal-gluon propagator including the nonperturbative effect. Hence, a
powerful technique should be obtained by using such a calculation for the matrix
elements of the local operators and the operator product expansion in the QCD
sum rule [59] in estimating the various physical quantities. Such a calculation
scheme would be also applied to the estimation of the structure functions [1] of the
nucleon observed in deep inelastic lepton-nucleon scattering as a useful technique
for the studies of the proton spin problem [60] and the breaking of the Gottfried
sum rule [61].
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FIGURE CAPTIONS
1) The static quark potential V (r) in the dual Ginzburg-Landau theory in the
quenched approximation. The horizontal axis denotes the distance between a
static quark-antiquark pair. The solid curve is the result for e=5.5, mB=500
MeV and mχ=1.26 GeV. The dashed curve denotes the Cornell potential
with e
C
= 2.0 and k
C
= 1.0GeV/fm.
2) The normalized pair creation rate w(p
T
)/wsc as a function of the energy of
the created q-q¯ pair forM=350 MeV and k=1.0GeV/fm. The horizontal axis
denotes the quark pair energy, 2Eq(pT ) = 2(p
2
T
+M2)1/2. The expectation
value of the quark pair energy is found to be 〈2Eq(pT )〉 ≃ 850MeV.
3) The infrared screening effect on the quark confining potential V sclinear(r) for
several values of the infrared cutoff ǫ. The QCD-monopole mass mχ is cho-
sen to reproduce the string tension, k=1.0GeV/fm : mχ =1.26, 1.15 and
1.01 GeV for ǫ=0, 100 and 200MeV, respectively. One finds the saturation
behavior of the confining potential in the long distance.
4) The squared value of the dynamical quark mass, M(p2), as a function of
the Euclidean momentum squared p2 = −p2
M
for e = 5.5, ΛQCD = 200MeV,
mB = 500MeV and ǫ=80MeV. The solid curve in the space-like region, p
2 >
0, denotes the numerical solution of the Schwinger-Dyson equation. The solid
curve in the time-like region, p2 < 0, is obtained by its smooth extrapolation.
The dotted straight line denotes the on-shell state M2(p2) = −p2. One finds
the solid curve does not cross this dotted straight line, which means the
disappearance of the pole in the quark propagator.
5) The dynamical quark mass M(p2) as a function of the Euclidean momentum
squared p2 = −p2
M
for several values of the mass of the dual-gauge field ~Bµ,
mB=300, 400 and 500 MeV. The other parameters are set to the same values
as in Fig.4. No nontrivial solution is found for the small values of mB, e.g.
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mB <∼ 200MeV. The quark mass M(p2) takes larger value at each p2 as
mB gets larger, which physically means that QCD-monopole condensation
contributes to the dynamical chiral-symmetry breaking.
6) The physical quantities related to the dynamical chiral-symmetry breaking
as a function of the gauge coupling constant of QCD, e, for several values
of the dual-gauge field mB: (a) the dynamical quark mass at p = 0, M(0),
(b) the quark condensate 〈q¯q〉
RGI
, and (c) the pion decay constant fπ. One
finds that these quantities are well reproduced for the parameter set (e =
5.5,ΛQCD = 200MeV, mB = 500MeV, ǫ=80MeV), which is consistent with
the confining property and the perturbative QCD. On the contrary, large
values for e and ΛQCD are needed to reproduce the magnitude of the chiral-
symmetry breaking for mB=0.
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